The Cayley-Klein groups are defined as the groups that are obtained by the contractions and analytical continuations of the orthogonal groups. The Jordan-Schwinger representations of CayleyKlein groups are discussed based on the mixed sets of creation and annihilation operators of boson or fermion type. The matrix elements of finite group transformations are obtained in the bases of coherent and Fock states.
Introduction
In 1935, Jordan [1] , [2] introduced the so-called Jordan mapping that is a mapping from a one-particle realization of the kinematic symmetry into field operators of either boson or fermion type. This mapping preserves the commutation relations of matrices. In 1952 Schwinger [3] introduced an original treatment of the rotation group by representing the matrix generators in terms of their bilinear forms with respect to boson annihilation and creation operators. Since this representation is equivalent to the Jordan mapping it is often called [4] the JordanSchwinger representation. It has been widely used to provide a treatment of representations of Lie groups. On the other hand, there is the well-developed theory of a many-body quantum system in the second quantized field formalism whose Hamiltonians are multidimensional quadratic in boson or fermion creation and annihilation operators [5] , [6] . The methods of this theory may be used for the calculation of matrix elements of finite transformations of Lie groups in the bases of coherent and Fock states [7] .
In the present series of papers we shall discuss the Jordan-Schwirger representation of Cayley-Klein groups, i.e., groups obtained from classical (orthogonal, special unitary, and symplectic) one's by all possible contractions and analytical continuations of group parameters. The Inonu-Wigner contractions [8] and analytical continuations are regarded on the basis of a unified description [9] - [13] with the help of Clifford dual numbers. We consider the JordanSchwinger representation of the matrix generators of groups under discussion based on either fermion or boson operators. For the groups obtained from classical one's by only contractions the set of particle operators describing the representation is pure, i.e., all members of the set are either annihilation or creation operators. However, if the groups are obtained by analytical continuations only or both continuations and contractions then the representations are based on mixed sets of annihilation and creation operators [4] . The matrix elements of the Jordan-Schwinger representation of the finite group transformations are calculated in the bases of coherent states, which were introduced by Glauber [14] . In the case of boson representations we use the important property of the coherent states, namely, that the coherent state gives a generating function for discrete Fock states. Then the matrix elements of the finite group transformations in the coherent state bases are the generating function for the matrix elements in Fock bases. The last matrix elements are expressed in terms of Hermite polynomials of several variables with zero arguments.
The outline of the content is as follows: Tn Sec. II we present a brief account of the (wellknown) theory of quantum systems with quadratics in boson and fermion operator Hamiltonians that is adapted to the calculation of the matrix elements of the Jordan-Schwinger representations of Lie groups. In Sec. Ill we describe the orthogonal Cayley-Klein groups. In Sec. IV we construct the Jordan-Schwinger representation of Cayley-Klein groups of arbitrary dimension and obtain the matrix elements of the finite group transformations in the coherent basis. For the illustration of the developed formalism we regard in Sec. V some groups of low dimensions. The connections of Jordan-Schwinger representations with a stationary quantum system are briefly discussed in the concluding remarks.
The second quantization method and matrix elements
Let G be a group of N -dimensional matrices with the generators X k and commutators 
Here = 1 in the boson case and = −1 in the fermion case. Then the operatorsX k satisfy the commutation relations of the Lie algebra of group G and realize their Jordan-Schwinger representation. The finite group transformation operatorÛ g (r) is connected with the general elementX(r) = k r kXk of the Lie algebra by the exponential mapÛ g (r) = exp(−X(r)), where r k are the group parameters. The representation space H is the state space of the N -dimensional quantum oscillator. We shall use here as the bases in the representation space the overcomplete family of Glauber coherent states [14] , i.e., the eigenstates of the annihilation operatorsâ k |α = α k |α , α|α = 1. In the boson case α k , k = 1, 2, . . . , N are complex variables and in the fermion case α k are Grassmann anticommutative variables [15] . A vector |f ∈ H is determined [7] by the analytic (with respect to α
and the operatorÛ g by the kernel U (α * , β)
A transformed vector |f =Û g |f is represented by the function
where
. The matrix elements (or the kernel) of the finite group transformation operatorÛ g (r) are obtained by the method of motion integrals [6] . The motion invariants are built with the help of the matrix
where the matrix
E is an N -dimensional unit matrix and the matrix B(r) is defined by the equation
Here (â,â + ) is the row matrix, â a + is the column matrix and the product in Eq. (6) is the ordinary matrix product. We shall use such an agreement throughout the paper. The kernel of the operatorÛ g (r) is given by the following equation [6] :
where the 2N -dimensional matrix R(r) is as follows:
In the boson case ( = 1) we also regard the discrete Fock states basis in the representation space H. The Fock state |n is the eigenstate of the particle number operatorâ + kâ k |n = n k |n , n = (n 1 , n 2 , . . . , n N ) and n k are non-negative integer numbers. We may use the important property of the coherent states, namely, that the coherent state gives the generating function for the Fock states
and it follows immediately, that the kernel (7) is the generating function for the matrix elements of the operatorÛ g (r) in the Fock states basis
Multidimensional Hermite polynomials H (R)
k (x) are defined by their generating function as follows [16] :
Then the kernel (10) multiplied by (det ξ) 1/2 is the generating function for the Hermite polynomials of 2N zero variables
where the matrix R(r) is given by Eq. (8).
The rotation groups in Cayley-Klein spaces
It is well known in geometry [17] , that there are 3 n n-dimensional real spaces of constant curvature. Pimenov [18] has given their unified axiomatic description and has built the transformations of the elliptic space into arbitrary space of constant curvature. In accordance with the Erlangen Program, due to F. Klein, each geometry is associated with a motion group. Then the transformations of the geometry induce the transformations of the related motion group. This idea was used to develop the method of transitions between groups [9]- [13] that naturally unify both contractions and analytical continuations of groups.
Let us define the fundamental map of the Euclidean space R n+1 into the space R n+1 (j) as follows:
where k = 1, 2, . . . , n; x 0 , x k are the Cartesian coordinates, j = (j 1 , j 2 , . . . , j n ), parameter j k may be equal to the real unit 1, or to the Clifford dual unit ι k , or to the imaginary unit i. The dual units are characterized by the following algebraic properties: each of them are not equal to zero ι k = 0; a different dual unit obeys the commutative law of multiplication
the product of a dual unit multiplied by itself is always equal to zero ι 2 k = 0. Division of a real or complex number by a dual unit is not defined. We assume that division of a dual unit by itself is equal to a real unit ι k /ι k = 1 (but not ι k /ι m or ι m /ι k , k = m, these constructions are not defined). The last property is equivalent to the fact that the equation aι k = bι k has only one solution a = b in the real or complex number field. The dual units may be regarded as even products of Grassmann anticommutative numbers and new "b numbers" of the paper [19] are then nothing but Clifford dual numbers.
We define the (n+1)-dimensional real Cayley-Klein space R n+1 (j) as the (n+1)-dimensional vector space with the following metric:
Then Eq. (13) is the mapping of the Euclidean space into the Cayley-Klein spaces. The space of constant curvature S n (j) is realized on the sphere S n (j) = {x ∈ R n+1 (j)|x 2 (j) = 1} in the Cayley-Klein space. The set of parameters j gives all 3 n (n + 1)-dimensional Cayley-Klein spaces or n-dimensional spaces of constant curvature. It must be emphasized that usually the spaces with identical signatures are not distinguished, i.e., the space R 3 (1, i) with the metric x The rotations of the Cayley-Klein space R n+1 (j) form the group SO n+1 (j), which we call the orthogonal Cayley-Klein group. The map (13) induces the transformation of the group SO n+1 into the Cayley-Klein group SO n+1 (j). The generatorsX µν of SO n+1 are the infinitesimal rotations in two-dimensional planes {x µ , x ν }, µ = 0, 1, . . . , n − 1, ν = 1, 2, . . . , n, µ < ν. The nonzero elements of the matrixX µν are as follows: (X µν ) µν = −1, (X µν ) νµ = 1. It is easy to obtain the induced transformation law of the generators of SO n+1 under the map (13) in the following group [9] , [10] :
Here, byX µν (→), we denote the transformed generatorX µν with the following nonzero matrix elements:
Then the transformation (15) gives for the nonzero matrix elements of the generator X µν (j)
The generators X µν (j) satisfy the commutation relations [9] , [10] [
of the group SO n+1 (j). Let us observe that when some parameters j m are equal to the dual units the transformations (15) are the multidimensional Inonu-Wigner contractions [8] . Indeed,X µν (→) are the singular transformed generators, the products ν m=µ+1 j m play the role of the zero tending parameters and the resulting generators (17) are not singular.
The finite rotation Ξ(r, j) = exp X(r, j) corresponds to the general element
of the algebra so n+1 (j). Here λ is in a one-to-one accordance with µ, ν, µ < ν due to the equation
Due to the Cayley-Hamilton theorem [20] the matrix Ξ(r, j) is expressed algebraically by the matrices X m (r, j), m = 0, 1, . . . , n. The explicit form of the finite rotations Ξ(r, j) can be directly obtained for the groups of low dimensions, namely SO 2 (j 1 ), SO 3 (j), SO 4 (j).
Combining Eqs. (15) and (19) we observe that for the imaginary values of some parameters j k some real group parameters r λ are imaginary ones, i.e., they are analytically continued from the real number field into the complex one. The orthogonal group SO n+1 is transformed by these into some pseudoorthogonal group SO(p, q). For the dual value of some parameters j k some real group parameters r λ are pure dual ones, i.e., they are continued into the dual number field and we have a contraction of the group SO n+1 . Thus from the viewpoint of transformations both procedures have the same nature, namely the continuation of group parameters from the real number field into the dual (contraction) or complex ones.
The Jordan-Schwinger representations of the orthogonal Cayley-Klein groups
Let us define the transformation of annihilation and creation operators induced by the map (13) as follows:
where ψ is identical, i.e., ψâ =â, ψâ + =â + , when j k = 1, ι k . For the imaginary values of parameters j we use the wel known properties of the annihilation and creation operators:
(21) may be written in the form
where ψ 1 (j), ψ 2 (j) are (n + 1)-dimensional diagonal matrices with the following nonzero matrix elements: (ψ 1 (j)) 00 = 1, (ψ 1 (j)) kk = ±1, if k m=1 j m = ±b and b is a positive real or dual number, (ψ 1 (j)) kk = 0 otherwise; (ψ 2 (j)) 00 = 0, (ψ 2 (j)) kk = 0, if (ψ 1 (j)) kk = ±1, and (ψ 2 (j)) kk = ∓1, if k m=1 j m = ±ib. The 2(n + 1)-dimensional matrix Ψ(j) has the property Ψ(j) = (Ψ −1 (j)) T . It is easily shown by direct calculation that the operatorŝ
satisfy the commutation relations (19) and hence provide the Jordan-Schwinger representation of the group SO n+1 (j). The general element of the algebra so n+1 (j) in Jordan-Schwinger representation is written in the form
where the matrix ∆(r, j) is given by the equation
The nonzero matrix elements of X(r, j) are as follows:
Here λ, is connected with µ, ν, µ < ν by Eq. (20) . Using Eq. (22) we conclude that the matrix B(r, j) is obtained from the matrix ∆(r, j) by the following transformation:
We regard first the Cayley-Klein groups SO n+1 (j) that are obtained from SO n+1 only by the contractions, i.e., when the parameters j k are equal to the real unit or to the Clifford dual units, j k = 1, ι k , k = 1, 2, . . . , n. Then (21), (22) are identical transformations, B(r, j) = ∆(r, j), and we have from Eq. (5)
i.e., η = η 1 = 0, ξ 1 = Ξ T (−r, j), ξ = Ξ(r, j), det ξ = det Ξ(r, j) = 1, and ξ −1 = Ξ −1 (r, j) = Ξ(−r, j). Here Ξ(r, j) is the finite rotation matrix of the group SO n+1 (j). From Eq. (7) the kernel of the finite rotation operatorÛ g (r, j) = exp(−X(r, j)) in a coherent state basis is given by U (α * , β, r, j) = exp(α * Ξ(−r, j)β).
In the boson case ( = 1) this kernel is the generating function for the Hermite polynomials H (R(r,j)) m,n (0) with the matrix R(r, j) in the form
Contractions of SO n+1 (j) under dual values of some of the parameters j k give rise to limit processes in the generating function (28) and hence induce a limit processes between Hermite polynomials [21] , [22] . Let the Cayley-Klein groups SO n+1 (j) be obtained from SO n+1 by both contractions and analytical continuations, i.e., j k = 1, ι k , i, k = 1, 2, . . . , n. Let us introduce the new parameters j k ,j k = 1, ι k as follows: j k =ĩj k , if j k = i and j k =j k ,if j k = 1, ι k . The reason of such a redefinition of the parameters is to consider explicitly the analytical continuations and give the opportunity of regarding the contractions of these analytical continuated groups. The motion integrals matrixΛ(r, j) is obtained from the matrix (27) as follows [22] :
Using Eqs. (22), (27), and (30), we have
and by Eq. (7) obtain the kernel of the finite rotation operatorÛ g (r, j) in a coherent state basis. Note that Eq. (7) includes a nonlinear operation of obtaining the inverse matrix ξ −1
therefore for the kernel we do not have the simple equation as Eqs. (26) or (30).
Examples
To show the effectiveness of the general consideration developed for the Jordan-Schwinger representation of Cayley-Klein groups in the previous sections we shall discuss some groups of low dimensions SO 2 (j 1 ), SO 3 (j), SO 4 (j) for which it is possible to obtain the explicit form of the finite rotation matrix Ξ(r, j).
SO 2 (j 1 ) groups
The map (13) , namely ψx 0 = x 0 , ψx 1 = j 1 x 1 , j 1 = 1, ι 1 , i, gives the spaces R 2 (j 1 ) with the metric
. Here R 2 (1) is a Euclidean plane, R 2 (i) is the Minkowski (or hyperbolic) plane, and R 2 (ι 1 ) is the Galilean plane. Then three groups SO 2 (j 1 ) are as follows: SO 2 (1) is the usual rotation group on the plane, SO 2 (i) is the group of (one-dimensional) Lorentz transformations, and SO 2 (ι 1 ) is the group of (one-dimensional) Galilean transformations. Equation (17) gives the matrix generator of SO 2 (j 1 ) in the form
Then the finite rotation matrix Ξ(r 1 , j 1 ) = exp(r 1 X 01 (j 1 )) is easily obtained:
A function of dual arguments is defined by its Taylor expansion, therefore cos ι 1 r 1 = 1, sin ι 1 r 1 = ι 1 r 1 , and we have
i.e., the matrix of Galilean transformation. When j 1 = 1, the operatorX 01 (j 1 ) =â
+ 0â1 provides the JordanSchwinger representation of SO 2 (j 1 ) and the kernel of the finite rotation operatorÛ g (r 1 , j 1 ) = exp(−r 1 X 01 (j 1 )) in a coherent state basis is given by, using (28) and (33),
In the boson case, when α * k , β k are the complex variables, the expression (34) is the generating function for the Hermite polynomials of four zero-valued variables. We write some first lynomials H 0,0;0,0 (r 1 , j 1 ) = 1,
H 0,1;1,0 (r 1 , j 1 ) = −j
Then the first Hermite polynomials are
When j 1 = i we introduce the new parameterj 1 as j 1 = ij 1 andj 1 = 1, ι 1 . The casẽ j 1 = ι 1 corresponds to the contraction of the Lorentz group SO 2 (i). Equations (21) give ψâ = (â 0 ,â (22) we obtain the matrices ψ 1 and ψ 2 in the form
Replacing parameter j 1 in (33) byĩ j 1 we have
Then the intermediate matrix Λ(r 1 ,ĩ j 1 ) is given by Eqs. (27) and (39). Using it in Eq. (30), we obtain the motion integrals matrixΛ(r 1 ,ĩ j 1 ) of SO 2 (ĩ j 1 ), namely,
The kernel of the operatorÛ g (r 1 ,ĩ j 1 ) of the finite Lorentz transformation is given by Eq. (7) and is as follows:
Under the contraction (j 1 = ι 1 ) of the Lorentz group we have for the kernel
Comparing the last expression with Eq. (36) we conclude that they are diffrent though it follows from Eq. (17) the group SO 2 (ι 2 ) and SO 2 (iι 1 ) are the same, namely Galilean group. It is the particular case of the general situation [22] : if a Cayley-Klein group SO n+1 (j) is obtained from SO n+1 by a k-dimensional contraction, i.e., if k parameters j are equal to the dual units, then there are 2 k different Jordan-Schwinger representations of SO n+1 (j). The connections between such representations are still under investigation.
SO 3 (j) groups
The map (13) 
. The nine geometries of the planes of constant curvature are realized [18] on the spheres S 2 (j) = {x|x 2 (j) = 1} in the spaces R 3 (j). These geometries are as follows:
The rotation gioup SO 3 (j) is isomorphic to the motion group of the geometry S 2 (j). We shall call the Cayley-Klein group SO 3 (j) by the name of appropriate geometry. Equation (17) gives the matrix generators of SO 3 (j) in the form 
The set of generators satisfy the commutation relations
In accordance with Eq. (20) we denote the generators as follows:
To the general element
of the algebra so 3 (j) corresponds to the finite rotation of the group SO 3 (j)
where 
We shall discuss only contractions of the rotation group SO 3 , i.e. j 1 = 1, ι 1 , j 2 = 1, ι 2 . Then the transformations (21) , (22) 
that satisfy the commutation relations (44). The kernel of the finite rotation operatorÛ g (r, j) = exp(−X(r, j)) in a coherent state basis is given by, using (28) and (45)- (48), 
In the boson case Eq. (50) is ihe generating function for the Hermite polynomials of six zerovalued variables.
SO 4 (j) groups
The map (13) gives the 3 3 = 27 Cayley-Klein spaces R 4 (j), j = (j 1 , j 2 , j 3 ), j k = 1, ι k , i, k = 1, 2, 3 with the metric x 2 (j) = x . The three-dimensional spaces of constant curvature are realized on the spheres S 3 (j) = {x|x 2 (j) = 1} of the unit real radius in R 4 (j). Some of these spaces are well known, for example, S 3 (i, 1, 1) -Lobachevski; S 3 (ι 1 , 1, 1) -Euclidean, S 3 (ι 1 , i, 1) -Minkowski; S 3 (ι 1 , ι 2 , 1) -Galilean, and some do not have special names.
The six matrix generators of SO 4 (j) are given by Eq. (17) as follows: 
